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THE PAST AND FUTURE WAVE OPERATORS
ON THE SINGULAR SPECTRUM.
R.V.BESSONOV
1. Introduction
Given a pair of Hilbert spaces H1,H2, unitary operators U1 : H1 → H1,
U2 : H2 → H2, and a bounded operator A : H1 → H2, define the future and
past wave operators W+, W− as the limits of the sequence {U
−n
2 AU
n
1 }n∈Z
as n→ +∞, n→ −∞, respectively.
There are a number of different meanings of the above term “limit”. In the
classical scattering theory it is proved that the limits limn→±∞U
−n
2 AU
n
1 ex-
ist in the strong operator topology, under the assumptions that the spectral
measures of U1, U2 are absolutely continuous with respect to the Lebesgue
measure and the commutator AU1 − U2A is of trace class [5].
Much less is known about similar results for unitary operators U1, U2
having singular spectrum. Simple examples in a one-dimensional space show
that the limits limn→±∞U
−n
2 AU
n
1 may not exist. A natural way to define
the wave operators in this situation is to consider the limits of averages
of the sequence U−n2 AU
n
1 by using some summation (averaging) method.
Important examples of summation methods which will be used here are
the Cesaro summation method taking a sequence to the sequence of its
arithmetical means and the Abel-Poisson summation method.
Now we give a precise definition of summation methods and averaged
wave operators. Let (E,≺) be a totally ordered set, Z+ the set of nonnega-
tive integers. A family of nonnegative numbers {pα,n}α∈E,n∈Z+ determines
an s-regular summation (averaging) method if the following conditions are
fulfilled:
1)
∑
n pα,n = 1 for every α ∈ E,
2) limα
∑
n |pα,n − pα,n+1| = 0,
3) limα pα,n = 0 for every n ∈ Z+.
For a sequence {xn} of elements of a Banach space X, which is bounded
in norm, define its averages by x(α) =
∑
n pα,nxn, α ∈ E. If the limit
x = limα x(α) exists in some topology σ on X, we will say that the averages
of {xn} converge to x in σ. Usually we will work with the space X = B(H) of
Key words: wave operator, summation methods, singular spectral measure.
The author is partially supported by the RFBR grant 11-01-00584-a, by the
V. A. Rokhlin grant and by the Chebyshev Laboratory (Department of Mathematics and
Mechanics, St.-Petersburg State University) under RF government grant 11.G34.31.0026.
1
2 R.V.BESSONOV
all bounded operators on a Hilbert space H equipped by the weak operator
topology σ. All s-regular methods possess the following natural properties:
a) Regularity: averages of every convergent sequence converge to its
limit.
b) Linearity: if averages of sequences {xn}, {yn} converge to x, y, then
averages of {xn+ cyn} converge to x+ cy for any complex number c;
c) Stability: averages of sequences {xn} and {xn+1} do or do not con-
verge simultaneously, and if they converge, then the corresponding
limits coincide.
Moreover, every s-regular summation method averages to zero any noncon-
stant unimodular geometric progression of complex numbers:
d) limα
∑∞
n=0 pα,nz
n = 0 if z ∈ C \ {1}, |z| = 1.
The well-known examples of s-regular methods are the Cesaro summation
method (with E = (N,6) and pα,n =
1
α
whenever n < α, pα,n = 0 other-
wise), and the Abel-Poisson summation method (with E = ((0, 1),6) and
pα,n = (1− α)α
n).
Fix some s-regular summation method. In what follows the term “aver-
aging” will always mean the use of the fixed summation method.
Definition. Let H1,2, U1,2, A be as above, denote by W+(α), W−(α) the
averages of the sequences {U−n2 AU
n
1 }n∈Z+ and {U
n
2 AU
−n
1 }n∈Z+ :
(1) W+(α) =
+∞∑
n=0
pα,nU
−n
2 AU
n
1 and W−(α) =
+∞∑
n=0
pα,nU
n
2 AU
−n
1 .
The future weak averaged wave operator W+ is the limit limαW+(α) in the
weak operator topology if the limit exists. Similarly, the past weak averaged
wave operator W− is the limit limαW−(α).
We borrow the term “wave operator” from the classical scattering theory,
where the case of absolutely continuous spectrum is studied.
If AU1 = U2A we have U
−n
2 AU
n
1 = A, therefore operators W± obviously
exist and equal A. It seems natural to examine the problem of existence
of W± for operators U1, U2, A with a “small” commutator AU1 − U2A. A
general conjecture can be formulated as follows: If AU1 − U2A is a finite-
rank operator, then the future and past averaged wave operators exist for
every s-regular summation method. For the case of rank-one commutators
this conjecture was essentially proven in [1], see also [2]. We study the
case of rank-two commutators. Since the problem is solved for operators
with absolutely continuous spectrum, one can restrict the consideration to
singular unitary operators U1, U2. Our main result is the following:
Theorem 1. Let U1 : H1 → H1, U2 : H2 → H2 be singular uni-
tary operators, and let A : H1 → H2 be a bounded operator such that
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rank(AU1 − U2A) 6 2. Then the weak limit limα(W+(α) − W−(α)) ex-
ists and equals zero. In particular, the weak averaged wave operators W± do
or do not exist simultaneously. If W± exist, they coincide.
In this paper we follow the approach developed in [2]. The general prob-
lem of existence of the limits limαW±(α) and limα(W+(α) − W−(α)) for
rank-two commutators reduces (see [2, Theorem 7.2]) to the following par-
ticular case:
1) H1 = H2 = L
2(µ), where µ is a Borel singular measure on the unit
circle T of the complex plane C. The measure µ is free of point
masses.
2) U1 = U2 = U is the operator of multiplication by the independent
variable on L2(µ),
3) AU−UA = (·, ϕ)1−(·, 1)ϕ for some real-valued function ϕ ∈ L2(µ).
In this situation the problem of existence of wave operators W± can be
restated in terms of functions ϕ from item 3). In [3] one can find a sufficient
condition on the function ϕ guaranteeing the existence of W±. Namely, if
µ is the Clark measure σ1 for an inner function θ and ϕ coincides µ-almost
everywhere with a trace of some function h ∈ Kθ having a continuous trace
on σα, α 6= 1, then the operator W− exists. The precise definitions will be
given in Section 5, where we discuss the related results.
We show that it suffices to consider only functions ϕ that coincide σ1-
almost everywhere with a continuous function on T.
Theorem 2. Suppose that for every triple µ, U , A satisfying conditions
1)− 3), where, moreover,
4) ϕ coincides µ-almost everywhere with a continuous function on T,
one of the limits limαW+(α), limαW−(α), limα(W+(α)−W−(α)) exists in
the weak operator topology. Then the same limit exists for any operators A,
U1, U2 from Theorem 1 in the general case of rank(AU1 − U2A) = 2.
However, not all continuous functions arise from commutators of type
1)−3). Denote by C(T) the set of all continuous functions on the unit circle
T.
Theorem 3. There exist a function ϕ ∈ C(T) and a singular measure
µ without atomic masses such that the operator (·, ϕ)1 − (·, 1)ϕ on L2(µ)
cannot be represented as a commutator AU −UA for a bounded operator A.
From the proof of Theorem 3 it follows some consequences concerning to
a boundary behaviour of pseudocontinuable functions. We discuss them in
Section 5.
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2. Proof of Theorem 1.
For the proof of Theorem 1 we need some preliminary technical results.
In what follows we will assume that for the operators A,U conditions 1) and
2) from Section 1 are fulfilled. Define operators W±(α) by formula (1).
Lemma 4. Let K be the commutator AU − UA. We have
W+(α)U − UW−(α) =
∞∑
n=0
pα,n
n∑
l=−n
U lKU−l.
Proof. We have
W+(α)U − UW−(α) =
∞∑
n=0
pα,nU
−nAUn+1 −
∞∑
n=0
pα,nU
n+1AU−n
=
∞∑
n=0
pα,n(U
−nAUn+1 − Un+1AU−n)
=
∞∑
n=0
pα,n
n∑
−n
(U lAU−l+1 − U l+1AU−l)
=
∞∑
n=0
pα,n
n∑
l=−n
U lKU−l.

Lemma 5. Assume that the commutator K is of trace class, Kh =∑∞
m=0(h, um)vm, h ∈ L
2(µ) where the sum
∑∞
m=0 ‖um‖ · ‖vm‖ is finite.
Then
(W+(α)U − UW−(α))h =
∞∑
m=0
vm ·
[
(umh) ∗
∞∑
n=0
pα,nDn
]
,
where Dn(ζ) =
∑n
−n ζ
l is the Dirichlet kernel of order n and the symbol ∗
denotes the convolution.
Proof. Assume at first that K = (·, u)v and consider the sum∑n
l=−nU
lKU−l applied to a vector h ∈ L2(µ):
n∑
l=−n
U lKU−lh =
n∑
l=−n
U lKz−lh =
n∑
l=−n
U l(z−lh, u)v =
n∑
l=−n
(z−lh, u)zlv =
=
n∑
l=−n
zlv
∫
ξ¯lh(ξ)u(ξ) dµ(ξ) = v
∫
h(ξ)u(ξ)
n∑
l=−n
(zξ¯)l dµ(ξ) = v·[(u¯h)∗Dn].
By linearity arguments, we obtain the conclusion of the lemma. 
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Lemma 6. Let k(ξ, z) be a real-valued function from L∞(µ × µ) such that
k(ξ, z) = k(z, ξ). Then the operator L given by the bilinear form
(Lf, g) =
∫∫
(f(ξ)− f(z))g(z)k(ξ, z)dµ(ξ) dµ(z)
is a selfadjoint bounded operator.
Proof. The quadratic form of the operator L is
(Lf, f) =
∫∫
(f(ξ)− f(z))f(z)k(ξ, z) dµ(ξ) dµ(z),
and, symmetrically,
(Lf, f) =
∫∫
(f(z)− f(ξ))f(ξ)k(z, ξ) dµ(z) dµ(ξ).
Therefore the sum 2(Lf, f) = −
∫∫
|f(ξ) − f(z)|2k(ξ, z) dµ(z) dµ(ξ) is real,
which proves the statement. 
Proof of Theorem 1. Assume that a triple µ, U , A satisfies condi-
tions 1) − 3) from Section 1. This assumption makes no loss of generality,
see [2, Theorem 7.2]. The theorem will be proved if we check the formula
limα((W+(α) −W−(α))h1, h2) = 0 for every pair of vectors h1, h2 ∈ L
2(µ).
A simple computation shows that
U−1W+(α)U =W+(α)− pα,0A+
∞∑
n=0
(pα,n − pα,n+1)U
−n−1AUn+1.
By this formula and properties 2), 3) from the definition of the s-regular
summation method, the weak limits of W+(α) − W−(α) and W+(α)U −
UW−(α) do or do not exist simultaneously. Moreover, if they exist, they are
or are not equal to zero simultaneously. By Lemma 5 we have
(W+(α)U − UW−(α))h1 = (ϕh1) ∗
∞∑
n=0
pα,nDn − ϕ ·
[
h1 ∗
∞∑
n=0
pα,nDn
]
on every element h1 ∈ L
2(µ). Since the set of all vectors h1 ∈ L
2(µ), that
satisfy the condition limα((W+(α)U−UW−(α))h1, h2) = 0 for every element
h2 ∈ L
2(µ), forms a reducing subspace of U , without loss of generality one
can consider h1 = 1. Set kα(z, ξ) =
∑∞
n=0 pα,nDn(zξ¯). We have
(2) pα(z) = (W+(α)U − UW−(α))1 =
∫
(ϕ(ξ)− ϕ(z))kα(z, ξ) dµ(ξ).
The norms of pα(z) in L
2(µ) are uniformly bounded by 2‖A‖. Hence one
can check the required condition limα(pα(z), h2) = 0, h ∈ L
2(µ), only on a
dense subset of L2(µ). Take the set of all smooth functions on T, which is
dense in L2(µ). Consider
(pα(z), h2) =
∫∫
(ϕ(ξ)− ϕ(z))h2(z)kα(z, ξ) dµ(ξ) dµ(z),
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where h2 ∈ C
1(T). By Lemma 6 we have
(pα(z), h2) =
∫∫
ϕ(z)(h2(ξ)− h2(z))kα(z, ξ) dµ(ξ) dµ(z).
Since |Dn(ξ¯z)| 6
2
|ξ−z| for every n ∈ N (see formula (3) below), and∑
n pα,n = 1, the integrand is bounded by 2|ϕ(z)| supζ∈T |h
′
2(ζ)| for every
α ∈ E and z ∈ T.
By property d) of s-regular summation method, the averages of every non-
constant unimodular geometric progression tend to zero. For the Dirichlet
kernel and ξ 6= z we have
(3) Dn(ξ¯z) =
n∑
−n
(ξ¯z)l =
2Re((ξ¯z)n − (ξ¯z)n+1)
|1− ξ¯z|2
.
Therefore, the limit limα kα(z, ξ) equals zero if ξ 6= z. By the dominated
convergence theorem we obtain limα(pα(z), h2) = 0. 
Remark. We have proved the fact that the operators W+(α) −W−(α)
tend to zero in the weak operator topology without assuming that the wave
operators W± exist.
3. Proof of Theorem 2.
Let µ, U , A be triple satisfying conditions 1) − 3), and let the operators
W±(α) be defined by formula (1). For the proof of Theorem 2 we need the
following lemma:
Lemma 7. Let {hn}n∈N be a sequence of elements from L
2(µ) such that
hn(z)→ h(z) ∈ L
2(µ) for µ-almost all points z ∈ T, and such that the limit
limα(W−(α)hn, hn) exists for all n ∈ N. Then the limit limα(W−(α)h, h) ex-
ists. Moreover, if supn ‖hn‖ <∞, then the double limit limα,n(W−(α)hn, hn)
exists. The same holds for the families W+(α) and W+(α)−W−(α).
Proof. In the proof we consider only the case of operators W−(α), other
cases can be proven in a similar way.
Fix an arbitrary ε > 0. By the Egorov theorem, one can choose a set
Fε ⊂ T such that µ(T \ Fε) 6 ε and hn tend to h uniformly on Fε. Set
hεn = χFεhn and h
ε = χFεh, where χFε is the characteristic function of the
set Fε. Since h
ε
n belongs to the reducing subspace of U generated by hn,
the limits limα(W−(α)h
ε
n, h
ε
n) exist for every n ∈ N. Next, let n(ε) be the
number for which ‖hε − hε
n(ε)‖ < ε. Choose the element α(ε) ∈ E such that
|((W+(α1)−W+(α2))hn(ε), hn(ε))| < ε for every α1, α2 ≻ α(ε). We have
|((W−(α1)−W−(α2))h, h)| 6 4‖A‖‖h‖ε+ |((W−(α1)−W−(α2))h
ε, hε)| 6
6 8‖A‖‖h‖ε + |((W−(α1)−W−(α2))h
ε
n(ε), h
ε
n(ε))| 6 (1 + 8‖A‖‖h‖)ε,
which implies the existence of limα(W+(α)h, h).
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Assume now that norms of hn in L
2(µ) are uniformly bounded by C. For
every elements α1, α2 ≻ α(ε) and natural numbers n1, n2 > n(ε) we have
|(W−(α1)hn1 , hn1)− (W−(α2)hn2 , hn2)| 6
6 4‖A‖Cε+ |(W−(α1)h
ε
n1
, hεn1)− (W−(α2)h
ε
n2
, hεn2)| 6
6 8‖A‖Cε + |((W−(α1)−W−(α2))h
ε
n(ε), h
ε
n(ε))| 6
6 (1 + 8‖A‖C)ε,
which implies the existence of the double limit limα,n(W−(α)hn, hn). 
Proof of Theorem 2. We give the proof for the operators W−(α), the
same arguments work for operators W+(α) and W+(α) −W−(α).
It is shown in [2, Theorem 7.2] that Theorem 2 holds if we omit item 4)
in the statement. Hence, our aim is to prove the following fact: If the limit
limαW−(α) exists for every triple µ, U , A satisfying conditions 1)−4), then
this limit exists for every triple satisfying conditions 1)− 3).
By the Luzin theorem, we can choose compacts Kn such that µ(T\Kn) 6
1
n
and ϕ coincides with ϕn ∈ C(T) on Kn. Set hn = χKn and µn = χKn dµ
(as usual, χKn denotes the characteristic function of the set Kn). For every
number n we have
(W−(α)hn, hn) = (MhnW−(α)Mhn1, 1)
and the operator MhnW−(α)Mhn is exactly the past wave operator con-
structed for the operator An =MhnAMhn . Every triple µn, U , An satisfies
properties 1)− 4), because the commutator AnU − UAn equals
(·, hnϕ)hn − (·, hn)hnϕn = (·, ϕn)1− (·, 1)ϕn.
An application of Lemma 7 ends the proof, due to the fact of pointwise
convergence hn → 1 on the set ∪nKn of full measure. 
4. Proof of Theorem 3.
Define operators Pr, r ∈ (0, 1), on L
2(µ) by the formula
Pr : ϕ 7→
∫
T
(ϕ(ξ) − ϕ(z))
1− r2
|1 − rξ¯z|2
dµ(ξ).
Lemma 8. There exist a Borel singular measure µ on T without atomic
masses and a function ϕ ∈ C(T) such that the norms of Prϕ in L
2(µ) are
unbounded.
Proof. Define a function ϕ on T by
ϕ(z) =


4
√
arg(z), if arg(z) ∈ [0, pi2 ];
0, if arg(z) ∈ (0,−pi2 ];
g(z), if arg(z) ∈ (pi2 ,
3pi
2 ).
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Here g(z) is an arbitrary nonnegative function such that ϕ ∈ C(T). Let
ψ ∈ C(T) be determined by ψ(z) = ϕ(z¯). For every measure µ supported
on I = {z : arg(z) ∈ [−pi2 ,
pi
2 ]}, we have
(Prϕ,ψ) =
∫∫
ϕ(ξ)ψ(z)
1− r2
|1 − rξ¯z|2
dµ(ξ) dµ(z),
due to the fact that ϕψ = 0 on I. Find a family of arcs Ik ⊂ T, k ∈ Z \ {0},
such that
1) ak = exp(sgn(k)2
−|k|i) is the center of Ik, sgn(k) =
k
|k| ,
2) ϕ(z) > 12ϕ(ak) and ψ(z) >
1
2ψ(ak) for every z ∈ Ik,
3) supz∈Ik,ξ∈I−k |z − ξ| 6 2
−|k|+2.
Now define the measure µ on I by the formula µ =
∑
k∈Z\{0} k
−2µk, where
probability measures µk are supported on the arcs Ik. As follows from the
construction, the measure µ can be chosen to be singular and free of point
masses. For the measure µ and the number rm = 1− 2
−m, m > 1, we have
(Prϕ,ψ) >
ϕ(am)ψ(a−m)
4m4
∫∫
Im×I−m
1− r2m
|1− rmξ¯z|2
dµ(ξ) dµ(z)
>
ϕ(am)ψ(a−m)
4m4
inf
ξ∈I−m
z∈Im
1− rm
(|z − rmz|+ |rmz − rmξ|)2
>
1
100m4
2m,
which tends to infinity when m increases. Thus, we have supr(Prϕ,ψ) =∞,
therefore Prϕ are cannot be bounded in L
2(µ). 
Remark. In fact, we have proved that Prϕ are unbounded even in the
norm of L1(µ). This makes the convergence of Prϕ impossible in any
reasonable topology.
Proof of Theorem 3. Let ϕ be the function constructed in Lemma 8.
Assume that AU − UA = (·, ϕ)1 − (·, 1)ϕ and consider the averaged wave
operators W±(r) with respect to the Abel-Poisson summation method. In
our notations this means that E = ((0, 1),6), pr,n = (1 − r)r
n, and the
operators W±(r) are defined by formula (1) from Section 1 (now we use the
letter r in place of α). The Abel-Poisson means of the Dirichlet kernels
Dn(ξ¯z) are equal to the Poisson kernel
1−r2
|1−rξ¯z|2
. Formula (2) gives us
(W+(r)U − UW−(r))1 = Prϕ.
In particular, we have supr ‖Prϕ‖L2(µ) 6 2‖A‖, which contradicts the con-
clusion of Lemma 8. 
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5. Boundary behaviour of Cauchy-type integrals.
Lemma 8 is of special interest because of recent result by V.V.Kapustin
concerning the boundary behaviour of Cauchy-type integrals. To formulate
this result, we introduce several standard objects from the theory of pseu-
docontinuable functions. The reader can find a more detailed discussion
in [3].
Given a singular probability measure µ on T, define an inner function θ
by the formula
Re
(
1 + θ(z)
1− θ(z)
)
=
∫
1− |z|2
|1− ξ¯z|2
dµ(ξ), |z| < 1.
The function θ generates a family of singular probability measures {σα}α∈T
by
Re
(
α+ θ(z)
α− θ(z)
)
=
∫
1− |z|2
|1− ξ¯z|2
dσα(ξ), |z| < 1.
By the definition, we have µ = σ1. With the inner function θ we associate
the subspace Kθ = H
2⊖ θH2 of the Hardy space H2 in the unit disk of the
complex plane. Functions from Kθ (also referred to as θ-pseudocontinuable
functions) have boundary values σα-almost everywhere for every measure
σα, see [4].
Define operators Cr, r ∈ (0, 1) on L
2(µ) by the formula
Cr : ϕ 7→
∫
T
(ϕ(ξ) − ϕ(z))
1
1 − rξ¯z
dµ(ξ).
Theorem 9 (Theorem 1.3 of [3]). Let a function h ∈ Kθ coincide σα-almost
everywhere with a continuous function ϕα, where α 6= 1. Take the function
ϕ ∈ L2(µ) such that h = ϕ σ1-almost everywhere. If σ1 has no atomic
masses, the family {Crϕ} converges in norm of L
2(µ) to ϕα−ϕ
α−1 .
As is shown in [2], for the Abel-Poisson summation method the general
problem of existence ofW± in the case of rank-two commutator is equivalent
to the convergence of Crϕ for every function ϕ corresponding to a commuta-
tor 1)−3) from Section 1. Theorem 9 establishes the convergence of Crϕ for
functions ϕ with a continuous “transplantation” ϕα. On the other hand, it
follows from Theorem 2 that we can check the convergence of {Crϕ} only for
continuous functions ϕ without loss of generality. By the definition we have
ϕ1 = ϕ. Unfortunately, the convergence in Theorem 9 fails if we remove the
assumption α 6= 1.
Proposition 10. There exists a Borel singular measure µ on T without
atomic masses and a continuous function ϕ ∈ C(T) such that the norms of
Crϕ in L
2(µ) are unbounded.
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Proof. Using the identities
2
1− rξ¯z
− 1 =
1 + rξ¯z
1− rξ¯z
and Re
(
1 + rξ¯z
1− rξ¯z
)
=
1− r2
|1− rξ¯z|2
,
one can to show that ‖Pr(ϕ)‖L2(µ) 6 2‖Cr(ϕ)‖L2(µ) + ‖ϕ‖L2(µ) for every
real-valued function ϕ ∈ L2(µ). It remains to apply Lemma 8. 
As is easily seen from Proposition 10, the operator C : f 7→ limr Crf is
not a bounded operator on L2(µ). On the other hand, the operator C is well
defined on smooth functions. One of natural ways to define it on a wider
subset of L2(µ) could be the following: at first we define the operator C as
the limit limr Crf on all functions f ∈ L
2(µ) for which the limit exists in
L2(µ), and then take its closure of the graph of C. Unfortunately, this way
does not work, as the following proposition shows.
Proposition 11. The operator C, defined on all functions f for which the
limit limr Crf exists in L
2(µ), is not a closable operator on L2(µ).
Proof. By Theorem 9, we have Cϕ = 0 if ϕ is the trace on T of a continuous
function h ∈ Kθ (in this case ϕα = ϕ almost everywhere with respect to
σ1). A well-known result by A.B.Aleksandrov says that continuous functions
from Kθ form a dense subset in Kθ. Since the operator taking a function
from Kθ to its boundary values σα−almost everywhere is a unitary operator
from Kθ to L
2(σα), see [4, 6], the traces of continuous functions from Kθ
are dense in L2(µ). Hence the fact that C a closable operator would imply
C = 0. But, obviously, Cf = −z¯ 6= 0 for the function f(z) ≡ z¯. 
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